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C^ . Abstract 

We begin by studying certain semigroup estimates which are more singu- 
lar than those imphed by a Sobolev embedding theorem but which are equiv- 
^ ' alent to certain logarithmic Sobolev inequalities. We then give a method for 

OO ■ proving that such log-Sobolev inequalities hold for Euclidean regions which 

^— V i satisfy a particular Hardy-type inequality. Our main application is to show 

t^^ ' that domains which have exterior exponential cusps, and hence have no 

^^ ' Sobolev embedding theorem, satisfy such heat kernel bounds provided the 

(<— ^ . cusps are not too sharp. Finally we consider a rotationally invariant domain 

"^ I with an exponentially sharp cusp and prove that ultracontractivity breaks 

•*-^ • down when the cusp becomes too sharp. 

S 

• ^ : 1 Introduction 

X 

H , 

5t , The spectral behaviour of the Neumann Laplacian, H^, is known to be extremely 

sensitive to the regularity of the boundary. There is a substantial body of research 

that shows how to produce peculiar behaviour. We mention in particular the work 

of Simon and his various co-authors Hill , 0] and also Evans and Harris [^ (futher 

references can be found in these papers). 

In the opposite direction the spectrum can be shown to be well behaved if one can 
show that the associated semigroup e~^^* is ultracontractive; i.e. it is bounded from 
L^ to L°° for < t < 1. In the case that the space has finite measure this implies 
for example that the resolvent is compact, that the associated eigenfunctions all 
lie in L°° and that e~^^* is compact on L^ for all 1 < p < oo and < t < 1. 

A further motivation for proving such results is the following. No matter how bad 
the theoretical results can be, numerical methods of computing Neumann eigen- 
values must assume that if one region is approximated by another then eigenvalues 
will still exist and will be close to those of the original region. Burkenov and 



Davies, 0, consider this problem and are able to give precise theorems which jus- 
tify such methods for domains with Holder class boundaries. To do this they study 
the associated semigroup e~^'^^ and show that it is ultracontractive. 

In many cases (such as those considered by Burenkov and Davies) proving ultra- 
contractivity can be achieved by proving a Sobolev embedding of the form 

for some q > 2. While this is often possible it fails in the case that the region has 
exterior exponentially sharp cusps (|l|, Theorem 5.32]). 

Of course, the lack of a Sobolev embedding theorem says nothing about the pos- 
sibility of proving semigroup and heat kernel bounds and hence results about the 
spectrum. 

In this paper we are motivated by the results of Davies and Burenkov to study 
the question of how singular a domain can be and still possess an ultracontractive 
estimate. Moreover, we will investigate the implications these results have for 
bounds on the eigenvalues and eigenfunctions and also the use of Hardy-type 
inequalities. However, we will use a more general tool than the Sobolev embedding, 
namely the logarithmic Sobolev inequality. We begin in section |^ by studying the 
type of inequalities that will be proved and some spectral consequences; Theorem 
T^ gives lower bounds on the rate at which the eigenvalues grow and upper bounds 



on the L°° norm of the eigenfunctions. Conversely we show that we show that these 
bounds imply a log-Sobolev inequality - see Theorem E]^ and Corollary |2.5| . 



Our main tool in actually proving the inequalities is to first prove in Theorem |2]7 



a generalised log-Sobolev inequality that is valid for arbitrary bounded regions in 
R^. This will then be combined with a Hardy-type inequality which we study in 
section ^. As an example we consider in section | a simple region that may have 
exterior exponential cusps and show that the associated Neumann semigroup is 
indeed ultracontractive provided the cusp is not too sharp. 

Our final result, in section ^ is to consider a rotationally invariant domain with an 
exponentially sharp cusp which shows that ultracontractivity does break down if 
the cusp is too sharp. 



2 Log— Sobolev Inequalities 

Let f2 be a region in M^ and define the Neumann Laplacian to be the non-negative 
self-adjoint operator if^v acting in L^(f2) associated with the quadratic form 

\ -l-oo otherwise. 

The associated symmetric Markov semigroup is denoted by e~^^*. 



We refer to [^ Chapter 2] for an introduction to logarithmic Sobolev inequahties. 
The following theorem captures one of the main results, namely that a log-Sobolev 
inequality with a suitable right hand side is equivalent to an ultracontractive esti- 
mate. 

Theorem 2.1 Let a > 1. Then the following are equivalent. 

1. The log-Sobolev inequality 

f f^og^f <eQ{f)+vmf\\l + \\f\\>g 
Jo, 

is valid for < / G W'^''^{Q), < e < 1 and there exists Ci > such that rj 
satisfies 

r](e) < ci£-i/("-i). 

2. The semigroup e~'^^* satisfies 

||e^^-Vl|oo<C2exp(c3t-^/(°-i))||/||2 (1) 

for all f G L'^{Q), some constants C2, C3 > and < t < 1. 

3. e~^^* has a continuous integral kernel K{t, x, y) and there exist C4, C5 > 
such that 

< K{t, X, y) < C4 exp(c5t-^/("-^)) (2) 

for < t < 1 and x,y G Q. 

We now turn our attention to the the eigenvalues and eigenf unctions. Suppose 
if TV has compact resolvent (which it has if |r2| < 00 and any of the statements in 
Theorem |2.1| hold) and denote its eigenvalues by 

< Ao < Ai < ■ • • < An ^ 00 

where we repeat each eigenvalue according to its multiplicity. The associated 
orthonormal eigenf unctions are denoted by fn- The following lemma is an easy 
consequence of ultracontractivity. 

Lemma 2.2 Let Q be a region of finite measure such that any one of the statements 
in Theorem |^. i| holds. Then there exist Cg, cy > and N > c^^ such that 



An > C6(log(c7n))" (3) 

for all n > N. Also there exists Cg, Cg > such that 

1 0<n< N 

exp(c9An ) n > N 

for all n > N. 



Il/nlloo <C8<| _^,^ ,l/„. ^ ^ ^, (4) 



Proof By integrating (Q) where x = y over Q we have 

n oo „ 

fc=0 A;=0 "^^ 

Since if at has compact resolvent there exists A^ such that n > N imphes that 
A„ > 1. For all such An put 

t = A„-^+V" 
to get 

"" <exp((c5 + l)Ai/"). 



C4|r2| 

This implies that 

C6(log(nC7))° < Xn 

where cg = (cs + 1)~" and C7 = (c4|f2|)^^ provided ncj > 1 which we assume 
without loss of generality. 

The second conclusion follows by putting / = /„ into (|1]) for all n > A^ to get 

e-^"1/„||oo<C2exp(c3ri/("~i)). 
For n > A^ set t = An to get 

||/n||oo<C2exp((c3 + l)Al/"). 

For n < N we put t = 1 into (|T]) to get 

ll/nlloo < C2exp(c3)e. 

Thus we can take cs = C2 exp(c3 + 1) and cg = C3 + 1. 

We now turn to the problem of proving a converse to the previous lemma. First 
we give a simple but important lemma. 

Lemma 2.3 For a > 1 there exists ciq > 0, depending only on cg and a > 1 such 
that 

exp(-A„t/2 + 2c9Ay") < exp{c,or'^^''~'''). 

Proof We use the inequality 

a<£a^ + £-i/(/3-i) 

valid for all a, e > and /3 > 1, with a = 2c9A„ , ecQ2°'~^ = t and l3 = a. Thus 

2c9Ay" < A„t/2 + 2(-+i)/(-i)c^/("-i)t-i/(°-i) 
from which the result follows. 



Theorem 2.4 Suppose Hn has discrete spectrum with non-negative eigenvalues 
Xn of finite multiplicity, written in increasing order and repeated according to mul- 
tiplicity. Let fn denote the corresponding orthonormal basis of eigenfunctions and 
suppose that inequalities (Qj and (0j are satisfied for constants cq, cj, cs, cg > 0, 
A^ > Cy'^ and a > 1. Then there exist constants Ci,C2 > depending only on 
Cg, C7, Cg, Cg, A^ and a such that 

< K{t,x,y) < Ciexp(C2ri/("-^)) 

forO<t<l. 

Proof If < t < 1 and x,y E fl then there exists cn > such that 

00 

< K{t,x,y) = Y,e~^-'fn{x)fn{y) 



n=0 

00 

2 
00 

n=0 

N-1 00 



n=0 

/N-1 

<^« Ei + E 



-\nt+2cgXn 



,n=0 n=N 

(N-1 00 \ 

5^1 + exp(ciot-^/("-^))X:e-^"*/M, (5) 

n=0 n=N ) 

where we apply Lemma ^]3| to get the final line. Next we observe that 

00 00 

,--C6(logC7n)"t/2 



^ e-^"*/2 < ^ e- 



n=N n=N 

POD 

Jn 

00 



Jn' 

POO 

< (c7«)-'(logC7Ar)i-° / e-^«^*/2+si/<.^^ ^g^ 

where we have made the substitutions s = (logcyx)" and N' = (logCyA^)". 



A simple modification of Lemma 2.3 gives us that 



s 
Hence 



l/a^^^f^y'^^^-'\-l/ia-l)_ 



Te-^^^^/^+^^^-d. < exp ((|)''^^"''^t-i/("-i)') re--*/M. 



-l/ia-l) 



e 



'CsN't/'k 



= 4exp(ciit 

Get 

<-exp(ci2t-^/("-^)), (7) 



where cn := {cq / A)~^'^°'~'^'^ and C12 > cn + (a — l)e~^. 
Combining @, (||) and (^ gives the final result. 
We have the following immediate corollary. 

Corollary 2.5 Let the conditions of the previous theorem he satisfied. Then there 
exist constants C3, C4 > depending only on Cg, Cy, Cg, Cg, A^ anc? a such that 

||e-^-Vl|oo<C3exp(C4ri/("-i)) 

/or all f e L'^iVL) andO<t<l. 

2.1 Generalised Log— Sobolev Inequality 

In this section we prove a generalised log-Sobolev inequality. This will be our 
main tool in proving a log-Sobolev inequality for a region with exterior exponential 
cusps. It is valid for arbitrary bounded regions in M^. 

Definition 2.6 Suppose dfl 7^ and define d{x) to be the distance of x from dfl. 

Theorem 2.7 Let Q be a domain in M^ with finite inradius. ForO < / G W^''^{Q) 
there exist constants bo,bi,b2 > 



/^log/<5g(/)+/?(e)||/||^+||/||^log||/y + 6o / \\ogd\f' 

Jn 

for all e > and some P{e) satisfying 

Pie) <bi-b2\oge. 

Proof Given 5 > put 

Ss := {x e n : 26 < d{x) < 36} 

and let xi, . . . , Xn{s) be a maximal set of points in Ss such that \xi — Xj\ > 6 for all 
i y^ j- For Q bounded this number n{6) is finite and moreover the number of balls 
containing x G fi is bounded uniformly with respect to x and 6. 

Now let Br{a) denote the ball centred at a G fi with radius r > 0. We then define 
the following norms and forms: 

J Br (a) 



QaAf) ■■= [ iv/^d^x 

JBria) 



for / G W^''^{Ba^r)- Now given a G M^ we have a log-Sobolev inequality for Bi{a) 
namely 



/^l0g+/d^V < eQa,l{f)+m\\f\\ia,l + Il/I|2,a,ll0g ||J ||2,a,l 
Bi{a) 

for < / G W^'^{Bi{a)) and for all £ > and (3{e) satisfying 

for some constant 63 > 0. 
By scaling we then have 

f\0g^fd''x<EQ,M)+m\\f\\la,S+\\fha,5\0g\\fh,a,5 

+ (iV/2)|log5|||/|||,,, 

for < / G W^'^iBsia)) and e > 0. 

Now suppose that a E Ss. For x G Bs{a) we have 

5 < d{x) < AS. 

Thus if (5 > 1 then 

I log(i(a;)| > I log^l 

and if 4(5 < 1 a calculation shows that 

{N/2 + l)\\ogd{x)\ > {N/2)\ \ogS\. 

This range of S will be sufficient for our purposes. 
Thus if (5 < 1/4 or 5 > 1 we have 

f\0g^fd''x<eQaAf)+m\\f\\la,S+\\fh,a,s\0g\\fh,a,S 

+ iN/2 + l) [ |logrf||/pd^x. 

JBs(a) 

Given S smaller than the inradius of Q we have a natural restriction map 

R : W''\n) ^ W^'\Bs{a)) 
where 

{Rf){x) = f{x). 



Hence given < / G W^''^{ri) and 5 < 1/4 or 5 > I we have 

JBs(a) 

+ {N/2 + l) I \\ogd\\Rf\^(fx. 

JBsia) 

If we choose ||/||2 = 1 then ||-R/||2,a,<5 < 1 and hence 

{Rf)'\og4Rf)d''x < eQ,,s{Rf)+ P{e)\\Rf Wl^^s 
) 

+ iN/2 + l) [ IhgdWRflM^x. 

JBsia) 

We will now drop explicit reference to the restriction operator. 

Let (5 < 1/4 or 5 > 1 and < / G W^'^{n) with ||/||2 = 1. Then there exists 
64 > 

n{5) 



Bs{a) 



[ fiog^f<J2[ /'iog+/ 

J Ss i^i J Bs{xi) 



<h{ (e\Vf\' + Pie)\m + iN/2 + l) |logd||/|' 

\JTs JTg 

where Ts := 5*5/2 U 5*5 U 825- Now sum over 6 = 5~" for all integers n to conclude 
that for < / G W^'\n) and ||/||2 = 1 we have 

[f\og^f<e'Q{f) + hPie')\\f\\l + h[\logd\\f\\ (8) 

Jn Jn 

where e' = b^e > and /3{e') = h4(3{e'). Finally 

P log / < / f log , / 



and given arbitrary < / G W^''^{Vi) with / 7^ we substitute //II/II2 into (||) to 
get the final result. 



3 Log— Hardy Inequality 

In order to use Theorem p.7| we need to be able to estimate the term 

logt/(x)||/(x)|M^x. 



n 



We do this with a Hardy-type inequahty: 

|logrfr<66(i^7V + l) (9) 

for some constants a > and bg > (this is to be interpreted in the sense of 
quadratic forms). We will refer to this as a logarithmic Hardy inequality (or just 
a log-Hardy inequality). 

We now assume that Q is bounded. In this case as with the ordinary weak Hardy 
inequality (see for example [^) the log-Hardy inequality depends only on the local 
geometry of the boundary: 

Definition 3.1 Let f2 be a bounded Euclidean domain. We say that a point 
a G dQ is a-regular if there exists a neighbourhood U oi a such that 

\ogdix)nfix)fd''x<KiQ{f) + \\f\\l) (10) 

n 

for all / G W^''^{Q) which vanish outside U and some constant k > which does 
not depend on /. 

Lemma 3.2 If Q is bounded and every point of the boundary is a-regular then 

|iogrf(x)n/(x)|M^x<5(g(/) + ||/||^) 

n 
for all f G W^''^{Q) and some constant B > which does not depend on f . 

Proof This uses a partition of unity argument. See for example P, Section 2]. 

Remark 3.3 Note that it is not possible in general to prove an inequality of the 
form 

rf-^ < c{Hn + 1) 

since one could then use the same interpolation argument employed by Burenkov 
and Davies in |]2| to prove an ordinary Sobolev embedding. 

Lemma 3.4 Suppose the log-Hardy inequality (j^ holds for some a > 1. Then for 
every e > we have 



2 

n 



|/(x)n logrf(a;)|d^x < eQif) + {{e/b,)-'/^^-'^ 
n 

forfeW^'\Q). 



Proof This uses the elementary inequahty 

vahd for all positive t > 0,S > and A > 1. Thus 

l/n iog(rf(x))|d^x < [{6\ \og{d{xW + ri/("-i))|/p 



<hSQ{f) + h6\\f\\l + 6-'/'^^-'^\f\\l. 

Now let bed = e. 

Theorem 3.5 Let Q be a bounded region and suppose the log-Hardy inequality (Qj 
holds for some a > 1. 

Then we have the log-Sobolev inequality 

fHogfd''x<sQ{f) + vis)\\f\\l + \\f\\l\og\\fh 
n 

for all f G W^^'^(r2) where < e and 

7]{e) < 67£-i/("^-i) - bs loge + 69. 
for some constants 67, bg and 69 > 
Proof 



By Theorem |2.7| we have 

ff\ogf<eQif)+Pie)\\f\\l+\\f\\llog\\fh + bJ\\ogd\f 
Jn Jn 

Applying Lemma |3.4| we have 

f\ogfd''x<e'Qif)+P{e')\\f\\l + \\f\\l\og\\fh 
a 



+ boe'Q{f) + bo{{e'/b,r'/^''^-'^+e'j,j ,,. 



Now let 



and the result follows by scaling e'. 



10 



4 Euclidean Domains with Exponential Cusps 

We now give an application of the previous results. The domains that we consider 
will be simple in order to make the general method clear but further applications 
are possible. 

Definition 4.1 Let Q C M^ be a bounded domain. Then we say that dfl is 
(log, a) regular or more tediously it has a logarithmic modulus of continuity with 
exponent a near a G dQ if a has a neighbourhood U which can be represented in 
the following form after translation and rotation of coordinates. The set U is of 
the form 

U := {{x',x^) : x' E B and < xjy < g{x')} 

where B denotes the ball 

B ■.= {xe R^-^ : \x\ < 1/2} 

and < (7 is a function that satisfies 

\g{x') - g{y')\ < A\\og{\x' - y'\)\-^ (11) 

for all x' , y' & B and a > 0. 

We also define F to be the set 

r := {{x\g{x') -.x'eB} 

and let the function rfp be defined by 

dri^x) = dist(x, F) := inf \x — y\ 

yer 

for all X ^ Q. Note that dr{x) = d{x) for all a; in a sufficiently small neighbourhood 
of a. 

The following lemma is a modification of the case when the boundary function g 
is assumed to be Holder continuous.. 

Lemma 4.2 Let dQ be (log, a) regular near a. For x = {x',xn) G U define the 
function e{x) by 

e{x) = g{x') - xn- 
Then for all x eU such that 

e{x) < (1 + A)-" 
we have 

exp(- y J <dv{x)<e{x). 



11 



Proof This proof follows the Holder case in p, Lemma 4.6]. Given z = {z', zn) G 
dfl we define the cusp C{z) by 

C{z) := {{x\ x)\x' G B and Xn < 9{z') - A\ log \z' - x'| I""}. 

Now let {x',x) G C{z). From the property (0) we have 

g{x') > g{z') - A\ log \z' - x'| |-" 
and thus 

< xjv < ^(^O - A\ log Iz' - x'l |-° < g{x') 
which implies that (x', xn) G f/. Thus we have shown that 

C{z) C U. (12) 

Now, given x = {x', xn) G fi we define the constant R by 

e(x)-i/°~ 



i? := exp , 

' 1 + A 

and then consider the closed ball B{x, R) given by 

B{x, R):={Uen:\x-y\< R}. 

Thus, for y G i?(x, R) we have |x' — y'l < i? and \xn — VnI < | log-R|~". 

Now 

UN - g{x') + A\\og\x' - y'W'" = yN - Xn + xn - g{x') + A|log|x' -y'lT" 

< \yN -xn\ - {g{x') -Xn) + A\\og\x' -y'W'"" 

< (l + A)|logi?r"-e(a;) 
= 



Hence B{x,R) C C{z). Combining this with ([T^ ) and the result follows. 

Theorem 4.3 Let dQ be (a, log) regular near a. 

Let f G W^''^{Q) and f vanish outside a neighbourhood of a. Then there exists 
6io < oo such that 

I I/PI log(dr(x))r^d^x < 6io ( f{\Vf\' + l/Hd^x 

for allOKP < 1. 

Proof If < /3 < 1 then the embedding W^''^{I) C L°°{I) for any finite interval / 
implies that there exists 6io > such that 

e(x)-^|/(x)|M^x < 6io / (|V/P + l/Hd^x 
n Jn 



for functions supported in a neighbourhood of F. Now apply Lemma |4.2| and the 
result follows immediately. 

12 



Corollary 4.4 Let dQ be (log, a) regular near every point and let < f3 < 1 be 
such that a(3 > 1. Then there exists bu > such that the log-Hardy inequality 

\\ogdr''<b^,{HN + l) 

holds in the sense of quadratic forms. Moreover we have the log-Sobolev inequality 

[ /^log/d^x < eQ{f)+r^ie)\\f\\l + ||/||^ log H/lh 
Jn 

for all f G W^^'^(r2) where < e and 

r/(e)<6i2^-'/("^-')-&i3log£ + 6i4. 
for some constants bu, 613 and 614 > 0. 

5 A Rotationally Invariant Example 

The previous results cover the case in which the cusp is not too sharp (i.e. a > 1). 
It would be interesting to know what happened outside this range of a. 

The following section considers a slightly different problem. We now work on a 
two dimensional, rotationally invariant Riemannian manifold. The manifold when 
embedded into M^ has a cusp either at a finite point or at infinity. This model was 
considered by Davies in [Q . Davies showed ultracontractivity in the case of Dirich- 
let boundary conditions with a similar function 77(e) to that which we found in the 
previous section. However, at some critical value of the parameter controlling the 
sharpness of the cusp we show that ultracontractivity fails by demonstrating that 
one of the eigenf unctions does not lie in L°° (this of course in no way contradicts the 
compactness of the resolvent). This is possible because the rotational invariance 
of the problem allows us to reduce it to one that is one-dimensional. 

This breakdown in ultracontractivity is interesting in its own right and although 
it does not allow us to deduce anything about the fiat case it does show that 
ultracontractivity can break down before we have exhausted all possible functions 

7]{e). 

5.1 Basic Model 

We begin by recalling the definition of the manifold from 0, Example 15] and a 
few elementary facts about it. 

Let M be the manifold 

M:= (27r,oo) x S^ 
equipped with the metric 

ds^ = g{u){du^ + de^). 

13 



Thus, the Riemannian volume element dvol is given by 

dvol = g{u)dud9. 
If g is bounded and 



/■oo 

/ g{uY^'^du < oo 

J27r 



then M is bounded and if 

1^1 < 2^ 
for large u, then we may embed the manifold in M^ for such u by setting 

X = g{uY^'^ cos 9 
y = g{uY^'^ sin 9 

z = z{u) 

where 



One gets a power cusp by setting g{u) = m~" where a > 2. The next case Davies 
introduces involves setting 

g{u)=u-\logu)-''. (13) 

The manifold M has finite volume for all a > 0, however, it is bounded if and only 
if a > 2. 

For all a > the curvature K (see P, Example 15]) has the asymptotic behaviour 

K ~ — (logw)" as u —>■ cxD. 

Lemma 5.1 Let a > 2 and let B he the hall centred at the cusp with radius e. Let 
hi := [a — 2)/2. Then we have 

Vol{B) ~ exp {-K~^l^e~^'^) {keY^'^ 

as e -^ 0+. 

Proof The distance between any point {uq, 9q) and the cusp is now 

o 

u-\\ogu)--'^du = -{\ogu,f-^/\ 

a — 2 

To simplify notation let 

r]{e) := exp [n-^/'^e-^/'') . 
The volume of the ball is then 



/•oo PC 

/ u-^loguydu = / 

Jn(e) Jloi 



e ""v "df 
(logr/(£)) 



ri{e) 
14 



— Q 

— as £ — i> 0^. 



5.2 The Proof of Ultracontractivity 

The main result in p, Example 15, B] is the following: 

Theorem 5.2 /^ Example 15, Case B] Let the metric be given by j^TSj ) and suppose 
a > 2. Then the manifold is bounded and we have a logarithimic Sobolev inequality 

f\ogfdvol<eQ{f) + m\\f\\l+\\f\\l'^og\\fh 

M 

for allO< f e Wo'^{M) and < e < 1 where 

Davies' technique involves two components. The first is the existence of the 
quadratic form inequality 

{\ogur<coHD (14) 

where Hd is the Dirichlet Laplacian. The second component involves finding a 
uniform covering of the manifold with sets fi„ that are diffeomorphic to cubes 
and also uniform estimates for the metric and other quantities in each f2„. This 
procedure is explained in 0, Section 3]. 

However, if one studies the proof of Theorem |5.2| the fact that the manifold is 
bounded is unimportant. Moreover, the quadratic form inequality ([I^) holds for 
all a > 0. Thus we have: 



Theorem 5.3 Let the metric be given by (jTjj and suppose 2 > a > 1. Then 
the manifold is unbounded but of finite volume and we have a logarithmic Sobolev 
inequality 

f f\ogfdvol<sQif) + Pie)\\f\\l + \\f\\l\og\\fh 

J M 

for allO< f e Wq''^{M) and < e < 1 where 

In fact we actually have more than this because (|1^ actually holds with Hd 
replaced by Hn. 

Lemma 5.4 Let V denote the set 

D := {/ G C°°([27r, oo) x S^) n W^''^{M) : supp{f) n [Rf, cx)) = for some Rf > 0}. 

Then T> is dense in W^''^{M). 



15 



Proof We have that W^''^{M,udud9) ^-^ W^''^{M,dvol) and since M has the seg- 
ment property [0, Theorem 3.18] gives us that 

W^^\M,udude) =V. 

We now prove a version of the result of Moss, Allegretto and Piepenbrink used to 
prove (|14|)) suitable for the case of Neumann boundary conditions. 



HN>—{\oguy 

lb 



(15) 



Theorem 5.5 We have 

in the sense of quadratic forms. 

Proof We define (p by 

0(„) := «V2 _ c«i/4 

where C := 2(27r)^'^. Thus (p satisfies the Neumann condition (p'{2n) = 0. Then 
for / G P we have 



2n 



d(j)df 
du du 



du 



" '\u-^n--u-^A^du 



2-K 



4 " ) du 

oo 






and so 
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d4>df d4>df\ 3 /• 



We now follow the proof of 0, Theorem 1.5.12]. Given f E V we set f 
g EV. Then 



for 



M 



Of 
du 


2 

+ 


Of 

dd 



dudO > j \ \g\ 



M 



du 
9^' 



+ 2^-- I dwd^ 
du 



du du 



-dude 



> 4 / {logur<p'\g\'dvol 
= A [ (logurifl'dvol. 
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Thus we have 



lb 



in the sense of quadratic forms. 



Corollary 5.6 Theorems \5.2^ and \5. 5| hold also in the case of Neumann boundary 
conditions. 

Proof The domain decomposition does not depend on the particular boundary 
conditions chosen. Its critical use is in [^, Theorem 8] . However, the proof of this 
depends on the classical bound 



h< ai\\h\\2NiK + I) 



1/4 



where ai is some constant, h > and K is the Neumann Laplacian on the cube 
(0, 1)^ (all of this is to be interpreted in the Euclidean metric). It is easily seen that 
all of the calculations hold not only for / G C^{M) but also for / G P. Since we 
have both the conclusion of P, Theorem 8] and the quadratic form inequality (p!5[) 
we can apply [^, Theorem 2] which is stated for an abstract positive self-adjoint 
operator to get the final result. 



5.3 Breakdown of Ultracontractivity 

Our main result shows that ultracontractivity breaks down at the point a = 1. 



Theorem 5.7 Let the metric be given by ( IT^ ) and let a = 1. Let H be the Lapla- 
cian subject either to Dirichlet or Neumann boundary conditions. Then e"'^* is 
not ultracontractive. 

Proof Suppose that e~^* is ultracontractive. Then since the volume of M is finite 
we deduce that H has compact resolvent. Now, since the domain is rotationally 
invariant so we may use the rotational group to decompose L'^{M) into orthogonal 
linear spaces {Ln}n& consisting of functions of the form 

h{r cos 9 , r sin 9) = /(r)e*"^. 

Since the operator commutes with rotations it maps each of these subspaces into 
itself and so its spectral behaviour can be analysed in each subspace indepen- 
dently. This allows us to reduce H to a one dimensional operator. The associated 
differential equation is then 



-f"{u)+n'f{u) = Xg{u)f{u), (16) 

27r < M < oo, 
neZ. 
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The appropriate boundary conditions are given by classifying the end points. The 
left hand end point -u = 27r is clearly regular and we may specify boundary con- 
ditions in the usual way. Now let A = 0. Then the equation has the basis of 
solutions 

0i(m) = 1 02(m)=M 

in the case n = 0. If n 7^ then we have the following basis of solutions: 

A calculation shows that 

<^2, ^2 ^ ^^((27r, oo),g{u)du) 
whereas 



n, 



ipi G L^{{2'K,oo),g{u)du) 



whence we classify cxd as being Limit Point (for an introduction to the theory of 
singular Sturm-Liouville problems and end point classification see |llO|). 

Let 

M(27r,oo) := {/ : /, /' G ACi2n,oo) and /, /" e L\2n,^,giu),du)} 

and then the domain of the one dimensional operator subject to Dirichlet boundary 
conditions is 

:PD = {/GM(27r,oo):/(27r) = 0} 

and subject to Neumann conditions: 

I)^ = {/GM(27r,oo):/'(27r) = 0}. 

We now focus on the subspace of purely radial functions by taking n = and make 
the change of variable logu = v. Let h{v) = f{l/u) and the equation becomes 

-{e-^h'{v)y = ^''^^^"^ 



V 

log27r < t> < 00. 



Now let k{v) = e '"' h{v) and the equation now becomes 

-k"{v) + V{v)k{v) = 
log27r < t> < cxD 

where 

v^(-) = ]--■ 

A V 
18 



We can now use standard techniques from asymptotic analysis (see e.g. |^, Chapter 
6]) to analyse this equation. The solutions ki and ^2 have the following asymptotic 
forms: 

h{v) = Ae-^/^v\l + Oil/v)) 
k2iv) = Be''/\-\l + Oil/v)) 

as w ^ oo and where A and B are constants. Consequently the solutions to 
equation (|16D satisfy 

/i(m) = Au{\ogur\l + 0(l/(log(M))) 
f2iu) = B{logu)\l + 0{l/{logiu))) 

as u -^ oo. 

Thus /i ^ L'^{{27i,oo),g{u)du) and /2 G L'^{{2'7i,oo),g{u)du) but also neither /i 
nor /2 belong to L°° (unless of course A = 0). However, the assumption that 
g-_fft jg ultracontractive implies that all eigenfunctions lie in L°°. Thus we either 
have unbounded eigenfunctions or no eigenfunctions both of which contradict the 
ultracontractivity assumption. 
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